I define the Brauer group of a field k as similarity classes of central simple algebras over k. Then I introduce non-abelean cohomology and use it to prove that the Brauer group is isomorphic to a certain cohomology group. Brauer groups show up in global class field theory.
Proof. Since
Proof. This is true because the tensor product of a simple and a central simple algebra is simple, and because the center of the tensor product is the tensor product of the centers.
using the associativity of the tensor product.
Non-abelian cohomology
In this chapter we define the cohomology of an arbitrary (not necessarily abelian) group A on which a group G acts on the left, i.e. a G-module. We define H i (G, A) only for i = 0, 1 directly without using resolutions, similar to the direct interpretation for these groups in the case that A is abelian.
Let
, the elements of A invariant under the action of G.
for some a ∈ A. This is an equivalence relation. Now
is not a group as in the abelian case, but we have a distinguished element, the identity map, which makes it a pointed set, and a map of pointed sets X and Y must send the distinguished element of X to the distinguished element of Y . We define the kernel of this map as the preimage of the the distinguished element of Y . Now we can talk about exact sequences of pointed sets.
As in the abelian case, given a group homomorphism f : A → B which commutes with the operation of G, we get maps
is the image of an element of A and call it φ(g). Now let δ(c) = φ. This defines an element of H 1 (G, A) which is independent of all the choices made. As all the other definition, this definition coincides with the usual definition if the groups are abelian, and the proofs work exactly as in that case; we just have to take care of not switching things unnecessarily around.
is an exact sequence of pointed sets.
If A is contained in the center of B, then A is abelian, and we have H (G, A), it is determined by its values with the identity of G as the first argument. Therefore it can be described as a function φ :
Let c be a cocycle of
∈ A, and we can define this as φ(g, h) to get a cocycle φ of H 
The Brauer Group and Cohomology
Let L/k be a finite Galois extension of fields, and let
Let Br n (L/k) be the set of elements of Br(L/k) (see def. 1.14) which are represented by algebras
Consider the algebras representing elements of Br n (L/k) as pairs (V, x) with V a n
Such an f exists if and only if the corresponding k-algebras are isomorphic.
The 
, which is an L-linear map, so we get an action of G on C n (L).
For
φf ), so θ f and θ f are 1-cohomologous.
If one chooses (V , x ) representing the same element of Br n (L/k) as (V, x), then f = φ • f for some φ : V → V , and the same computation as above shows that θ f and θ f are 1-cohomologous.
Therefore one gets a well-defined map θ :
, and therefore the
, and θ is injective. The element represented by M n (L) is mapped to 0 because in this case, f is the identity, so θ f is zero.
where x 0 corresponding to the standard matrix multiplications is independent of base changes and the operation of G. Therefore x is defined over k, and
to the conjugation by φ is surjective, and since the center of
By the long exact sequence in cohomology, this gives a map ∆ n :
The different δ n are compatible: For C ∈ Br n (L/k), δ n (C) = 0 if and only if ∆ n (C) = 0 since θ is bijective, and this is true if and only if C is represented by a matrix algebra because θ is a bijection mapping this element to zero by 3.1, and ∆ n is injective because the preceding term in the long exact sequence is H 1 (G, GL n (L)) = 0 (again by exercise 3 of [1] ). And δ n (C) + δ n (C ) = δ nn (C ⊗ k C ) by an easy computation. Therefore the delta n give an injective homomorphism δ :
Proof. Because δ is injective and because of prop. 3.1, it is enough to show that ∆ n is surjective for n = [L : k]. 
Proposition 3.3. A k-algebra A is central simple if and only if
Proof. See Bourbaki, Algebra, Chapter VIII. 
Proposition 3.4. A k-algebra A is central simple if and only if
The nontrivial element is represented by the quaternions H: {1, i, j, k} is a basis of H as an R-vectorspace, and the multiplication is defined by i
H is simple because it is a division algebra, and its center is R because every other element does not commute with at least one of i, j or k. H represents the nontrivial element in Br(R) because of the remark 1.12 about the bijection between the divison algebras with center k and the elements of the Brauer group (H is non-commutative, so not isomorphic to R).
Example 3.7. For a local field k, Br(k) ∼ = Q/Z by theorem 5 of [3] , where the isomorphism is given by the local invariant map inv k .
Brauer Groups in Class Field Theory
In this section, k always denotes a number field. First, we want to prove that every element of the Brauer group k splits in some cyclic cyclotomic extension of k. We need two lemmas. Proof. This is proved at the beginning of the proof of theorem 4.4. Then
where the direct sum goes over all places v of k.
Proof. Let L/k be a finite Galois extension with Galois group G.
where I L are the ideles and C L is the ideles class group. This gives us a long exact sequence containing 
